Applications of hybrid universality to multivariable zeta-functions  by Nakamura, Takashi & Pańkowski, Łukasz
Journal of Number Theory 131 (2011) 2151–2161Contents lists available at ScienceDirect
Journal of Number Theory
www.elsevier.com/locate/jnt
Applications of hybrid universality to multivariable
zeta-functions
Takashi Nakamura a,∗,1, Łukasz Pan´kowski b,2
a Department of Mathematics, Faculty of Science and Technology, Tokyo University of Science, Noda, Chiba 278-8510, Japan
b Faculty of Mathematics and Computer Science, Adam Mickiewicz University, Umultowska 87, 61-614 Poznan´, Poland
a r t i c l e i n f o a b s t r a c t
Article history:
Received 29 November 2010
Revised 22 April 2011
Accepted 9 May 2011
Available online 30 July 2011
Communicated by David Goss
MSC:
11K60
11M99
Keywords:
Hybrid universality
Multiple zeta-functions
In the present paper, we obtain new results on universality as
applications of hybrid universality and almost-periodicity in its
half-plane of absolute convergence. By using these, we show
the universality for Euler products of Igusa type, Euler–Zagier
multiple zeta-functions and Tornheim–Hurwitz type of double
zeta-functions.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
In 1975, Voronin [28] proved a remarkable universality theorem for the Riemann zeta-function ζ(s)
which states, roughly speaking, that any non-vanishing analytic function, deﬁned on some suﬃciently
small disk, can be approximated uniformly by suitable shifts of the Riemann zeta-function in the
critical strip. Next Bagchi [3] and Reich [24] proved that the disk can be replaced by any compact
subset K of the strip D = {s ∈ C: 1/2 < s < 1} with connected complement. For convenience, let
H0(K ) denote the space of continuous functions on K , which are analytic in the interior, equipped
with the supremum norm ‖ · ‖∞ and H(K ) denote the subspace of H0(K ) consisting of non-vanishing
functions. Then the strong version of the Voronin theorem can be formulated as follows.
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lim inf
T→∞
1
T
μ
{
τ ∈ [0, T ]: ∥∥ζ(s + iτ ) − f (s)∥∥∞ < ε}> 0,
where μ(·) denotes the Lebesgue measure on the real line.
Since Voronin discovered the universality of the Riemann zeta-function, the universality prop-
erty has been proved for various L-functions deﬁned as a Dirichlet series e.g. Dirichlet L-functions,
Hecke L-functions, L-functions associated to modular forms and Lerch zeta-functions. Noteworthy is
the fact that Lerch zeta-functions or more general periodic Hurwitz zeta-functions are strongly univer-
sal, which means that Theorem A holds even in the space H0(K ). Moreover for Dirichlet L-functions
one can prove a joint universality theorem, which, roughly speaking, states that some imaginary shifts
of Dirichlet L-functions associated to non-equivalent characters approximate simultaneously any func-
tions from H(K ). For an overview on universal zeta and L-functions we refer to [26].
From our point of view, the most important result is a so-called hybrid universality, which is a
connection between the Voronin theorem and the classical Kronecker approximation theorem. The
precise deﬁnition is as follows.
Deﬁnition 1.1. We say that a set of functions {L1, . . . , Ln} is hybridly jointly universal if for a com-
pact set K ⊂ D with connected complement, any functions f1, . . . , fn ∈ H(K ), any real numbers
(αl)(1lm) linearly independent over Q and any real numbers (θl)1lm , we have
∀ε > 0 lim inf
T→∞
1
T
μ
{
τ ∈ [0, T ]: max1 jn ‖L j(s + iτ ) − f j(s)‖∞ < ε
max1lm ‖ταl − θl‖ < ε
}
> 0,
where ‖ · ‖ denotes the distance to the nearest integer.
Moreover, we say that a set {L1, . . . , Ln} is hybridly strongly jointly universal if functions having zeros
can be approximated as well.
The ﬁrst result on hybrid universality was proved in weaker form by Gonek (see [6] or [25, Theo-
rem A]) and slightly improved using different method by Kaczorowski and Kulas in [9]. They showed
that Dirichlet L-functions associated to non-equivalent characters satisfy the inequality in above def-
inition for αn = log pn , where pn denotes the n-th prime number. Next Pan´kowski in [22,23] proved
the hybrid universality property in the most general form for various L-functions. In [22] he proved
the hybrid joint universality property for an axiomatically deﬁned wide class of L-functions having
an Euler product, which contains for instance Dirichlet L-functions. Furthermore in [23] the hybrid
strong joint universality theorem was proved for L-functions without an Euler product like Lerch zeta-
functions, twists of Lerch zeta-functions and periodic Hurwitz zeta-functions. The authors believe that
all known universal zeta and L-functions are also hybridly universal.
2. Statement of main theorem
This paper deals with applications of hybrid universality. We show how to obtain new results on
universality for some multivariable zeta-functions. Firstly, let us recall that the Kronecker theorem on
Diophantine approximations was used by H. Bohr in [5] to prove that every Dirichlet series is almost-
periodic in its half-plane of absolute convergence. More precisely, he showed that for any Dirichlet
series
∑∞
n=1 ann−s and every ε > 0 we have for an arbitrary s lying in the half-plane of absolute
convergence that
lim
T→∞
1
T
μ
{
τ ∈ [0, T ]:
∣∣∣∣∣
∞∑ an
ns+iτ
−
∞∑ an
ns
∣∣∣∣∣< ε
}
> 0.
n=1 n=1
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Replacing log p by any sequence linearly independent over the ﬁeld of rational numbers gives us easily
an analogous result for general Dirichlet series deﬁned as
∞∑
n=1
ane
−λns, where an ∈ C, λn ∈ R \ {0}.
Let us denote by S the ring of all general Dirichlet series which are absolutely convergent in the
half-plane σ > 1/2.
Since the hybrid universality combines Diophantine approximations and the universality property,
the following theorem is straightforward consequence of presented above Bohr’s observation.
Theorem 2.1. Suppose that a set {L1, . . . , Ln} is hybridly jointly universal and series Q 1, . . . , Qm belong to S .
Let F : H(K )n+m → H(K ) be an arbitrary continuous function and g(s) be a function which can be written as
F ( f1(s), . . . , fn(s), Q 1(s), . . . , Qm(s)) for some functions f j ∈ H(K ). Then, for every ε > 0, it holds that
lim inf
T→∞
1
T
μ
{
τ ∈ [0, T ]: ∥∥F (L1(s + iτ ), . . . , Ln(s + iτ ),
Q 1(s + iτ ), . . . , Qm(s + iτ )
)− g(s)∥∥∞ < ε}> 0.
Moreover, if the set {L1, . . . , Ln} is hybridly strongly universal then the set {L1, . . . , Ln} implies the assertion
for f j ∈ H0(K ).
Proof. Our proof is closely related to the proof of Lemma 7 in [20]. Hence we shall be very sketchy.
By the continuity of F : H0(K )n+m → H0(K ) one can see that for any ε > 0 there exists δ > 0 such
that
∥∥F (L1(s + iτ ), . . . , Ln(s + iτ ), Q 1(s + iτ ), . . . , Qm(s + iτ ))− g(s)∥∥∞ < ε,
whenever
max
1 j<n
∥∥L j(s + iτ ) − f (s)∥∥< δ and max
1l<m
∥∥Ql(s + iτ ) − Q (s)∥∥< δ.
Therefore, by hybrid universality of {L1, . . . , Ln} and almost-periodicity of Q j(s), the proof is com-
pleted. 
For our considerations it will be more convenient to apply the following corollary.
Corollary 2.2. Suppose that a set {L1, . . . , Ln} is hybridly jointly universal and P ∈ S[X1, . . . , Xn] be poly-
nomial with degree greater than zero. Then, for any ε > 0 and any function g(s) from an image P (H(K ),
. . . , H(K )),
lim inf
T→∞
1
T
μ
{
τ ∈ [0, T ]: ∥∥P(L1(s + iτ ), . . . , Ln(s + iτ ))− g(s)∥∥∞ < ε}> 0.
Moreover, if the set {L1, . . . , Ln} is hybridly strongly universal then the set {L1, . . . , Ln} can approximate g ∈
P (H0(K ), . . . , H0(K )).
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under what conditions the function F (ζ(s)) is universal in the Voronin sense. Although results proved
in the quoted paper are quite general, our main theorem and universality for functions presented
in next sections cannot be implied by Laurincˇikas’ method without using hybrid universality. For
example, one can prove universality for ζ 2(s) using Laurincˇikas’ result or Theorem 2.1, while it is
easy to ﬁnd out that universality for ζ(s)/ζ(2s), which is deﬁned as a generating Dirichlet series with
the square of the Möbius function as coeﬃcient, can be obtained only by our main theorem.
3. Universality for Euler products of Igusa type
Bhowmik, Essouabri and Lichtin [4] extended classical one variable results about Euler products,
deﬁned by integral valued polynomial or analytic functions, to several variables. They showed that
there exists a meromorphic continuation up to a presumed natural boundary, and give a criterion for
the existence of a meromorphic extension to Cn . In addition, they precisely describe the boundaries
of analyticity and meromorphy for a multivariable Euler product determined by any toric variety.
On the other hand, Igusa initiated the study of Igusa zeta-functions associated to local Diophantine
problems. Multiplying all these local Igusa zeta-functions we obtain the global version in the natural
way. Reformulating the global Igusa zeta-function via the number of morphisms between algebraic
systems, Kurokawa and Ochiai [10] discover a new aspect: the multivariable Euler product of Igusa
type and its applications. In [10, Section 6], they introduced the following double Euler product of
Igusa type
I2(s1, s2) :=
∞∑
n1,n2=1
d(n1n2)
ns11 n
s2
2
= ζ
2(s1)ζ 2(s2)
ζ(s1 + s2) , (s1) > 1, (s2) > 1,
where d(n) is the divisor function. Note that I2(s, s) = ζ(s)4/ζ(2s) (see for example [27, (1.2.10)]). The
above formula shows that I2(s1, s2) is meromorphic in C2. For the function I2(s1, s2), we have the
following universality theorems by Corollary 2.2.
Theorem 3.1. Suppose that f (s1) ∈ H(K ) and ﬁx s2 such that (s2) > 1/2 and ζ(s2) 
= 0. Then, for every
ε > 0, we have
lim inf
T→∞
1
T
μ
{
τ ∈ [0, T ]: ∥∥I2(s1 + iτ , s2) − f (s1)∥∥∞ < ε}> 0.
Theorem 3.2. For any f (s) ∈ H(K ) and every ε > 0, we have
lim inf
T→∞
1
T
μ
{
τ ∈ [0, T ]: ∥∥I2(s + iτ , s + iτ ) − f (s)∥∥∞ < ε}> 0.
In the three variable case, Kurokawa and Ochiai [10, Section 6] introduced the following triple
Euler product of Igusa type
I3(s1, s2, s3) :=
∞∑
n1,n2,n3=1
d(n1n2n3)
ns11 n
s2
2 n
s3
3
= ζ 2(s1)ζ 2(s2)ζ 2(s3)
∏
p
(
1− p−s1−s2 − p−s2−s3 − p−s3−s1 + 2p−s1−s2−s3), (1)
where (s1) > 1, (s2) > 1 and (s3) > 1. Note that I3(s, s, s) = ζ(s)4∏p(1+ 2p−s) is not meromor-
phic on C, it is meromorphic in (s) > 0 with the natural boundary (s) = 0 (see [10, Theorem 4]).
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= 0.
Then, for every ε > 0, it holds that
lim inf
T→∞
1
T
μ
{
τ ∈ [0, T ]: ∥∥I3(s1 + iτ , s2, s3) − f (s1)∥∥∞ < ε}> 0.
Proof. It is easy to see that the product
∏
p(1− p−s1−s2 − p−s2−s3 − p−s3−s1 +2p−s1−s2−s3 ) is conver-
gent absolutely when (s1) > 1/2, (s2) > 1/2 and (s3) > 1/2. Thus I3(s1, s2, s3) is universal with
respect to s1 by Corollary 2.2 and the fact that ζ(s) is hybridly universal. 
Similarly, Eq. (1) gives
Theorem 3.4. Let f (s) ∈ H(K ). Then, for every ε > 0, one has
lim inf
T→∞
1
T
μ
{
τ ∈ [0, T ]: ∥∥I3(s + iτ , s + iτ , s + iτ ) − f (s)∥∥∞ < ε}> 0.
The following function Jr(s1, . . . , sr) was introduced in [10, Section 7]:
Jr(s1, . . . , sr) :=
∞∑
n1,...,nr=1
ϕ(n1 · · ·nr)
ns11 · · ·nsrr
= ζ(s1 − 1) · · · ζ(sr − 1)
∏
p
{(
1− 1
p
)
+ 1
p
(
1− p1−s1) · · · (1− p1−sr )},
where (s1) > 2, . . . ,(sr) > 2 and ϕ(n) is the number of positive numbers less than n and co-prime
to n. The function Jr(s, . . . , s) would have the natural boundary except for J1(s) = ζ(s − 1)/ζ(s).
Theorem 3.5. Assume that f (s1) ∈ H(K ) and ﬁx s2, . . . , sr such that (s2) > 2, . . . ,(sr) > 2 and
ζ(s2 − 1) · · · ζ(sr − 1) 
= 0, then for every ε > 0,
lim inf
T→∞
1
T
μ
{
τ ∈ [0, T ]: ∥∥ Jr(s1 + 1+ iτ , s2, . . . , sr) − f (s1)∥∥∞ < ε}> 0.
Theorem 3.6. Let f (s) ∈ H(K ). Then, for every ε > 0,
lim inf
T→∞
1
T
μ
{
τ ∈ [0, T ]: ∥∥ Jr(s + 1+ iτ , . . . , s + 1+ iτ ) − f (s)∥∥∞ < ε}> 0.
Proof. The fact that the product
∏
p{1 − p−1 + p−1(1 − p1−s1 ) · · · (1 − p1−sr )} converges absolutely
when (s1) > 3/2 and (s j) > 2, j = 2, . . . , r, and using Corollary 2.2 complete the proof of Theo-
rems 3.5 and 3.6. 
4. Euler–Zagier multiple zeta-functions
We deﬁne the Euler–Zagier–Hurwitz type of multiple zeta-functions by
ζr(s1, s(2,...,r);α1,α(2,...,r)) :=
∑
n >n >···>n 0
1
(n1 + α1)s1(n2 + α2)s2 · · · (nr + αr)sr , (2)
1 2 r
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series absolutely converges for (s1) > 1 and (s j)  1, 2  j  r. The functions ζr(s1, s(2,...,r);
α1,α(2,...,r)) are a generalization of the Hurwitz zeta-function ζ(s,α) and can be continued mero-
morphically. Matsumoto [14, Theorem 1] showed that: The Euler–Zagier–Hurwitz type of multiple
zeta-functions ζr(s1, s(2,...,r);α1,α(2,...,r)) is holomorphic except for the possible singularities located
only on
{
(s1, . . . , sr) ∈ Cr: {s1 = 1} ∪
⋃
n∈N0
r⋃
j=2
{s1 + · · · + s j = j − n}
}
, N0 := N ∪ {0}.
When α1 = · · · = αr = 1, we call ζr(s1, s(2,...,r);α1,α(2,...,r)) the Euler–Zagier multiple zeta-
functions. Akiyama, Egami and Tanigawa studied zeta-values at non-positive integers in [1] and [2].
On the other hand, when s1, . . . , sr ∈ N and α1 = · · · = αr = 1, (2) is called multiple zeta-values. In
recent years, many relations among multiple zeta-values were discovered by a lot of mathematicians
(see Hoffman’s web page). Moreover, Matsumoto showed a functional equation for the Euler–Zagier
double zeta-functions in [15]. Furthermore, the ﬁrst author showed the following universality for the
Euler–Zagier–Hurwitz type of multiple zeta-functions in [18, Theorem 2.1]. We give a simple proof by
using Corollary 2.2. Note that the Hurwitz zeta-function ζ(s,α) is non-vanishing if σ  1+α (see [12,
Theorem 8.1.1]).
Theorem4.1. (See [18, Theorem 2.1].) Fix (α2, . . . ,αr) ∈ (0,1]r−1 and (s2, . . . , sr) ∈ Cr−1 , where(s2)> 3/2
and (s j)  1, 3  j  r. Let 0 < α1 < 1 be transcendental and f (s1) ∈ H0(K ). If ζr−1(s2, s(3,...,r);
α2,α(3,...,r)) 
= 0, then for every ε > 0, we have
lim inf
T→∞
1
T
μ
{
τ ∈ [0, T ]: ∥∥ζr(s1 + iτ , s(2,...,r);α1,α(2,...,r)) − f (s1)∥∥∞ < ε}> 0.
Proof. Let us deﬁne Zr(s(1,...,r);α(1,...,r)) by
Zr(s(1,...,r);α(1,...,r)) :=
∑∗ 1
(n1 + α1)s1(n2 + α2)s2 · · · (nr + αr)sr ,
where the sum
∑∗ satisﬁes the following conditions,
n2  n1 > n3 > · · · > nr  0, . . . , n2 > n3 > · · · > nr  n1  0.
This series convergent absolutely when (s1) > 1/2, (s2) > 3/2 and (s j)  1, 3  j  r (see the
proof of [18, Theorem 2.3]). In view of the harmonic product formula, we have
ζ(s1,α1)ζr−1(s2, s(3,...,r);α2,α(3,...,r)) = ζr(s1, s(2,...,r);α1,α(2,...,r)) + Zr(s(1,...,r);α(1,...,r)). (3)
Thus by Corollary 2.2, we have that ζr(s1, s(2,...,r);α1,α(2,...,r)) is strongly universal with respect to s1
if ζr−1(s2, s(3,...,r);α2,α(3,...,r)) 
= 0. 
By using the harmonic product formula (3) and Corollary 2.2, and modifying the proof of the
above theorem, we obtain the following theorem. Note that when α1 = · · · = αr = 1 the function
Zr(s(1,...,r);α(1,...,r)) is written by a linear combination of the Euler–Zagier multiple zeta-functions
(see for example [8]).
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j  r. Let f (s1) ∈ H0(K ) and f (s1) 
= Zr(s(1,...,r);α(1,...,r)) for all s ∈ K . If ζr−1(s2, s(3,...,r);α2,α(3,...,r)) 
= 0,
then for every ε > 0, it holds that
lim inf
T→∞
1
T
μ
{
τ ∈ [0, T ]: ∥∥ζr(s1 + iτ , s(2,...,r);1,α(2,...,r)) − f (s1)∥∥∞ < ε}> 0.
Next we show the case when 1/2 
= α1 ∈ Q.
Theorem 4.3. Fix (α2, . . . ,αr) ∈ (0,1]r−1 and (s2, . . . , sr) ∈ Cr−1 , where (s2) > 3/2 and (s j)  1,
3 j  r. Let 1/2 
= α1 ∈ Q and f (s1) ∈ H0(K ). If ζr−1(s2, s(3,...,r);α2,α(3,...,r)) 
= 0, then for every ε > 0,
one has
lim inf
T→∞
1
T
μ
{
τ ∈ [0, T ]: ∥∥ζr(s1 + iτ , s(2,...,r);α1,α(2,...,r)) − f (s1)∥∥∞ < ε}> 0.
Proof. Suppose a,q ∈ N, 1 a q − 1 and 3 q. Recall the well-known formula
ζ(s,a/q) = 1
ϕ(q)
∑
χ mod q
χ(a)qsL(s,χ), (4)
where ϕ(q) is Euler’s totient function as introduced in Section 2. Note that any function in H0(K ) can
be written as 1/ϕ(q)
∑
χ mod q χ(a)q
s fχ (s) for suitable functions fχ (s) ∈ H(K ). Therefore we obtain
this theorem by modifying the proof of Theorem 4.1 and using (3), Corollary 2.2 and the fact that the
set {L(s,χ1), . . . , L(s,χϕ(q))} is hybridly jointly universal. 
Finally, we prove universality for ζ r(s;α) = ζr(s, . . . , s;α, . . . ,α). For this purpose, let Π denote a
partition of the set {1,2, . . . , r}. Moreover, for Π = {1, . . . ,l} we put
c(Π) = (−1)r−l
l∏
j=1
(| j| − 1)! and ζ(s(1,2,...,r);α,Π) = l∏
j=1
ζ
( ∑
k∈ j
sk;α
)
.
Then, using the proof of [7, Theorem 2.1], one can show the following lemma.
Lemma 4.4. For any s1, s2, . . . , sr except for singularity, we have
∑
σ∈Σr
ζr(sσ (1), . . . , sσ (r);α, . . . ,α) =
∑
partitions Π of {1,...,r}
c(Π)ζ(s(1,2,...,r);α,Π),
where Σr denotes the symmetric group of degree r.
The immediate consequence of the above lemma is the fact that for all r  1 there exists a poly-
nomial Pr ∈ S[X] such that
ζ r(s;α) = Pr
(
ζ(s,α)
)
.
Note that the coeﬃcients of this polynomial can be explicitly calculated, which is rather an easy
combinatorial exercise. It can be also achieved by imitating Yamasaki’s method for multiple Dirichlet
L-functions (see [29, Eq. (2.6)]). For example,
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2
ζ(s,α)2 − 1
2
ζ(2s,α),
ζ 3(s;α) = 1
6
ζ(s,α)3 − 1
2
ζ(s,α)ζ(2s,α) + 1
3
ζ(3s,α).
Using the above notation we obtain the following theorem.
Theorem 4.5. Let α be transcendental or a rational number a/q 
= 1,1/2 and g(s) be an arbitrary function in
Pr(H0(K )). Then, for every ε > 0,
lim inf
T→∞
1
T
μ
{
τ ∈ [0, T ]: ∥∥ζ r(s + iτ ;α) − g(s)∥∥∞}> 0.
Moreover, for α = 1 only g(s) from Pr(H(K )) can be approximated.
Proof. It is suﬃcient to comment the case when α = a/q 
= 1/2,1. Deﬁne Qr ∈ S[X1, . . . , Xϕ(q)] as
Qr(X1, . . . , Xϕ(q)) = Pr(1/ϕ(q)∑ϕ(q)j=1 χ(a)qs X j), where χ runs through the set of all Dirichlet char-
acters modulo q. Then ζ r(s;a/q) = Qr(L(s,χ1), . . . , L(s,χϕ(q))). Moreover, as we notice in the proof
of Theorem 4.3, any function in H0(K ) can be written as the function 1/ϕ(q)
∑
χ mod q χ(a)q
s fχ (s),
where fχ (s) are non-vanishing. Hence, using the fact that the set {L(s,χ1), . . . , L(s,χϕ(q))} is hybridly
jointly universal, we see that all functions from Pr(H0(K )) can be approximated by ζ r(s;a/q) and the
assertion follows. 
Corollary 4.6. (See [20, Theorem 6].) Let 1/2,1 
= α ∈ Q or α be transcendental and f (s) ∈ H0(K ) such that
2 f (s) 
= −ζ(2s,α) for all s ∈ K . Then for any ε > 0, we have
lim inf
T→∞
1
T
μ
{
τ ∈ [0, T ]: ∥∥ζ2(s + iτ , s + iτ ;α,α) − f (s)∥∥∞ < ε}> 0.
Corollary 4.7. (See [20, Remark 3].) Let 1/2,1 
= α ∈ Q or α be transcendental and a function g(s) can be
expressed as 1/6 f (s)3 − 1/2 f (s)ζ(2s,α) + 1/3ζ(3s,α) for suitable function f (s) ∈ H0(K ). Then for every
ε > 0,
lim inf
T→∞
1
T
μ
{
τ ∈ [0, T ]: ∥∥ζ 3(s + iτ ;α) − g(s)∥∥∞ < ε}> 0.
5. Tornheim–Hurwitz type of double zeta-functions
In this section we consider the universality for the Tornheim–Hurwitz type of double zeta-
functions which are deﬁned by
T (s1, s2, s3;α1,α2,α3) :=
∞∑
m,n=0
1
(m + α1)s1(n + α2)s2(m + n + α3)s3 ,
where 0 < α1,α2  1, 0 < α3  2, (s1 + s3) > 1, (s2 + s3) > 1 and (s1 + s2 + s3) > 2.
We write T (s1, s2, s3) := T (s1, s2, s3;1,1,2) and call this function the Tornheim double zeta-
function. Note that various results such as values of the Tornheim zeta double function at positive
integers, some relations among them and functional relations are obtained by many authors (see for
example [17, Introduction]).
As a three-variable function, Matsumoto continued T (s1, s2, s3) meromorphically to the whole C3
plane in [13, Theorem 1] (see [16] for analytic theory of multiple zeta-functions). Moreover Okamoto
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to the whole C3 space, and the possible singularities are located only on the subsets of C3 deﬁned
by one of the equations:
s1 + s3 = 1− l, s2 + s3 = 1− l, s1 + s2 + s3 = 2, l ∈ N0.
The ﬁrst author proved the next theorem in [19, Theorem 2], but using hybrid universality we can
simplify a proof of this result. In this section we put j,k ∈ N, D := {s ∈ C: 1/2 < (s+ j) < 1} and K
is a compact subset of D with connected complement.
Theorem 5.1. (See [19, Theorem 2].) Let α3 = α1 + α2 be transcendental, j  k and 2  k. Suppose
f j(s3) ∈ H0(K ). Then, for every ε > 0,
lim inf
T→∞
1
T
μ
{
τ ∈ [0, T ]: ∥∥T ( j,k, s3 + iτ ;α1,α2,α3) − f j(s3)∥∥∞ < ε}> 0.
Proof. Suppose j < k. In view of the shuﬄe product formula, we have
T ( j,k, s3;α1,α2,α3) =
j−1∑
h=0
(
k − 1+ h
h
)
ζ2(k + h + s3, j − h;α3,α1)
+
k−1∑
h=0
(
j − 1+ h
h
)
ζ2( j + h + s3,k − h;α3,α2) (5)
if (s3) > 1. Note that this decompose is impossible if α3 
= α1+α2. By the harmonic product formula,
we have
ζ2( j + s3,k;α3,α2) = ζ( j + s3,α3)ζ(k,α3) − ζ2(k, j + s3;α2,α3)
−
∞∑
n=0
1
(n + α3) j+s3(n + α2)k . (6)
Let us recall that ζ(k,α3) 
= 0 (see [12, Theorem 8.1.1]). By (5) and (6), we have
T ( j,k, s3;α1,α2,α3) = ζ( j + s3,α3)ζ(k,α3) + A( j,k, s3;α1,α2,α3), (7)
where the function A( j,k, s3;α1,α2,α3) is deﬁned by
A( j,k, s3;α1,α2,α3) :=
j−1∑
h=0
(
k − 1+ h
h
)
ζ2(k + h + s3, j − h;α3,α1)
+
k−1∑
h=1
(
j − 1+ h
h
)
ζ2( j + h + s3,k − h;α3,α2)
−
∞∑
n=0
1
(n + α3) j+s3(n + α2)k − ζ2(k, j + s3;α2,α3). (8)
Because the assumption j < k and 2  k, all series on the right-hand side of the above for-
mula converge absolutely when 1/2 < ( j + s3) < 1. Hence the right-hand side of (7) is analytic
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α3 = α1 + α2, j  k, 2  k and 1/2 < (s3) + j < 1. If j = k, we have the analytic continuation
for T ( j, j, s3;α1,α2,α3) when 1/2 < ( j + s3) < 1 by the result in the case j < k and the following
equation
T ( j, j, s3;α1,α2,α3) = T ( j − 1, j, s3 + 1;α1,α2,α3) + T ( j, j − 1, s3 + 1;α1,α2,α3).
Therefore the proof is completed by (7), (8) and Corollary 2.2, and modifying the proof of Theo-
rem 4.1. 
The case when 1 = α1 + α2 is proved by (7), (8) and Corollary 2.2, and the manner similar to the
proof of Theorems 4.2 and 5.1.
Theorem 5.2. Let 1 = α1 + α2 , j  k and 2  k. Suppose that f (s3) ∈ H0(K ) is such that f (s3) 
=
A( j,k, s3;α1,α2,1) for all s ∈ K . Then, for every ε > 0, we have
lim inf
T→∞
1
T
μ
{
τ ∈ [0, T ]: ∥∥T ( j,k, s3 + iτ ;α1,α2,1) − f (s3)∥∥∞ < ε}> 0.
By using (4), (7), (8) and Corollary 2.2, and modifying the proof of Theorems 4.3 and 5.1, we obtain
the following theorem.
Theorem 5.3. Let 1,2,1/2,3/2 
= α3 = α1 + α2 ∈ Q, j  k and 2  k. Suppose f (s3) ∈ H0(K ). Then, for
every ε > 0, one has
lim inf
T→∞
1
T
μ
{
τ ∈ [0, T ]: ∥∥T ( j,k, s3 + iτ ;α1,α2,α3) − f (s3)∥∥∞ < ε}> 0.
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